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Schwarzschild metric and Friedmann
equations  from Newtonian
Gravitational  collapse



Teaching GR by elementary tools is 
important, see for example the article



Still, it is important not to give up 

and give a derivation of the basic results, some books , 
propose teaching GR  by giving students the 
Schwarzschild metric and telling the: “ok, start from 
there”, but it is a bad for a scientist to believe some result 
and continue from there.
Here we will deriving the basic results, including the 
Schwarzschild metric and Friedmann equations by 
elementary means is possible, from a study of Newtonian 
gravitational collapse, i.e., a system  that consists of a 
collapsing “ball” of dust matched to an unknown static 
outside, to be determined precisely by the matching!.
NEVER USE EINSTEIN’S EQUATIONS!







But gravitational fields in general are 
not homogeneous, so we say that 



Metrics and Gravitation











The 00 component of the metric 
equals 1-2GM/r



Isotropic & Homogeneous Cosmology 



Co-moving observers in cosmology



A positive spatial curvature cosmology









We will be mostly interested in the 
pressureles fluid, p=0

In this case,  as one might naively guess the 
matter will be diluted as the universe expands 
and the density of matter should go as the 
inverse 3rd power of the expansion factor R(t).

If we still want to include pressure in a quasi 
Newtonian framework, we can still proceed but 
here we will avoid this issue,



we can integrate and get ( k is  
integration constant , opposite in sign 

to the “Newtonian Energy”) 



In special cases we verify that the 
geometric interpretation of k is 

correct,
• Just assume that flat space is a solution of the 

equations of gravity when there is no matter, 
then it turns out that flat space can be writen
in the form of a cosmology (the Milne 
universe), with R(t) = t and k=-1 (in units 
where c=1), this fixes the geometrical 
interpretation in terms of a Robertson Walker 
metric of the conserved Newtonian energy as 
the spatial curvature of space!. But we can do 
better,



Cloud of dust, p=0







Cut this solution at a certain fixed 
comoving sphere (r=constant), assume

outside there is a generic spherically symmetric 
metric, which without loosing generality can be 
written as 

- A

But now we have to match this to the interior 
using the same coordinates!. A is to be found. 





XXCCV





This is because if we move around a 
circle in the boundary, we must get the

Same answer from the inside and from the 
outside. This implies a relation between the 
coordinates:





















OK, so we got the Schwarzschild 
solution without ever invoking the 

Einstein’s equations!.  The steps were:
1. Reinterpreting the Newtonian results as 
geodesic motion, this gave us the 00 component of the metric 
generated by a source.
2. From Newtonian Dynamics, develop cosmological 
equations, they can be  related to Robertson Walker space 
times, however at first the relation between the Newtonian 
energy and spatial curvature is not  clear.
3. The Schwarzschild solution is obtained as the exterior 
solution of a collapsing dust shell (obtained in 2) DEMANDING 
GEODESICS OF INNER AND OUT SIDE SPACES AGREE AT THE 
CO-MOVING, FREE FALLING BOUNDARY 



4. We can find the geometric meaning 

of the Newtonian energy in the Newtonian 
cosmology, by expressing internal space metric 
and external space metric in the same 
coordinates and identifying the rr components, 
this then establishes that the Newtonian energy 
in the Newtonian cosmology relates to the 
spacial curvature of the FLRW space, thus 
establishing the Friedmann equations, without 
using GR.
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FURTHER MATHEMATICAL NOTES, AFTER 
DEFINING THE BAR RADIOUS, ALSO IN THE 
FRIEDMANN, LEMAITRE, ROBERSON WALKER 
COSMOLOGY WE CAN GENERICALLY A BAR TIME



We find now that the inside metric takes the 
form



a is an integration constant and at the

matching surface the coordinate r is a constant 
(a comoving observer), in order that the inside 
solution matches smoothly the 00 component of 
the metric, we must have that a=r. This gives us





Problem Set1: 1, show that for the F-R-
W space for k>0, to be matched to the 
Schwarzschild space , then new F-R-W



We find now that the inside metric takes the 
form



a is an integration constant and at the

matching surface the coordinate r is a constant 
(a comoving observer), in order that the inside 
solution matches smoothly the 00 component of 
the metric, we must have that a=r. This gives us




